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Abstract
We present some complete monotonicity and logarithmically complete monotonicity properties for the
gamma and psi functions. This extends some known results due to S.-L. Qiu and M. Vuorinen.
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1. Introduction
Euler’s gamma function
(z) =
∞∫
0
tz−1e−t dt (Re z > 0)
is one of the most important functions in analysis and its applications. The logarithmic derivative
of the gamma function ψ(z) = ′(z)/(z) is known in literature as psi function or digamma
function.
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tonicity properties for the gamma and psi functions. Recall that a function f is said to be
completely monotonic on an interval I , if f has derivatives of all orders on I and satisfies
(−1)nf (n)(x) 0 (1)
for all x ∈ I and n = 0,1,2, . . . . If the inequality (1) is strict for all x ∈ I and n = 0,1,2, . . . , then
f is said to be strictly completely monotonic on I . A detailed collection of the most important
properties of completely monotonic functions can be found in [11, Chapter IV].
A positive function f is said to be logarithmically completely monotonic on an interval I if
its logarithm lnf satisfies
(−1)n[lnf (x)](n)  0 (2)
for all x ∈ I and n = 1,2, . . . . If the inequality (2) is strict for all x ∈ I and n = 1,2, . . . , then f
is said to be strictly logarithmically completely monotonic. It was shown in [7] that a (strictly)
logarithmically completely monotonic function is also (strictly) completely monotonic.
In 2004, S.-L. Qiu and M. Vuorinen proved that the function ψ(x + 12 )−ψ(x)− 12x is strictly
decreasing and convex from (0,∞) onto (0,∞), and the function x[ψ(x + 12 ) − ψ(x) − 12x ]
is strictly decreasing from (0,∞) onto (0, 12 ), see Theorem 2.1 of [9]. Our Theorem 1 extends
the result given by Qiu and Vuorinen; we prove that these two functions are strictly completely
monotonic.
Theorem 1. Let a  0, b > 0 be given real numbers with 0 < 1 − b + a < 1. Then, for all real
numbers α, the function fα(x) = (x + a)α[ψ(x + b) − ψ(x + a) − b−ax+a ] is strictly completely
monotonic on (−a,∞) if and only if α  1. Moreover, the function fα is for α < 1 monotone
decreasing from (−a,∞) onto (0,∞), fα is for α = 1 monotone decreasing from (−a,∞) onto
(0,1 − b + a).
In [9] S.-L. Qiu and M. Vuorinen proved that the function (x+1/2)√
x(x)
is strictly increasing and
log-concave from (0,∞) onto (0,1). Our Theorem 2 establishes a more general result.
Theorem 2. Let a  0, b > 0 be given real numbers with 0 < 1 − b + a < 1. Then the function
gβ(x) = (x+a)β(x+a)(x+b) is strictly logarithmically completely monotonic on (−a,∞) if and only if
β  b − a. Moreover, gβ is for β < b − a monotone decreasing from (−a,∞) onto (0,∞), gβ
is for β = b − a monotone decreasing from (−a,∞) onto (1,∞).
Also in [9], S.-L. Qiu and M. Vuorinen proved that the function [
√
π(x+1)
(x+1/2) ]1/x is strictly
decreasing and convex from (0,∞) onto (1,4). Our Theorem 3 considers the logarithmically
complete monotonicity of this function.
Theorem 3. The function s(x) = [
√
π(x+1)
(x+1/2) ]1/x is strictly logarithmically completely monotonic
on (0,∞).
In [2], it was proved that for x > 0,
x
1/x <
(
1 + 1
)x
. (3)[(x + 1)] x
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x
(1 + 1
x
)x is strictly logarithmically completely
monotonic on (0,∞). Since
lim
x→∞
[(x + 1)]1/x
x
(
1 + 1
x
)x
= 1,
inequality (3) is immediate consequence of the fact that [(x+1)]1/x
x
(1 + 1
x
)x is strictly decreasing
on (0,∞).
The following Theorem 4 gives a similar result.
Theorem 4. The function h(x) = [(x+1)]1/x√
x(x+1) (1 + 1x )x is strictly logarithmically completely
monotonic on (0,∞). Moreover, the function h is monotone decreasing from (0,∞) onto (1,∞).
From the limit relation
lim
x→∞
[(x + 1)]1/x√
x(x + 1)
(
1 + 1
x
)x
= 1,
and the monotonicity of h, we obtain that for x > 0,
√
x(x + 1)
[(x + 1)]1/x <
(
1 + 1
x
)x
. (4)
The inequality (4) is an improvement of (3).
2. Lemmas
In [4, p. 99] it was stated that if φ′′ > 0 for all x, φ(0) = 0, and φ/x is interpreted as φ′(0)
for x = 0, then φ/x increases for all x. The following Lemma 1 extends this result. The proof of
Theorem 3 makes use of Lemma 1.
Lemma 1. Let the function φ have derivatives of all orders on (−∞,∞) and φ(0) = 0. Define
the function f by
f (x) =
{
φ(x)
x
, x = 0,
φ′(0), x = 0,
then
f (n)(x) =
{ 1
xn+1
∑n
k=0
(
n
k
)
(−1)kk!xn−kφ(n−k)(x), x = 0,
1
n+1φ
(n+1)(0), x = 0. (5)
Moreover,
d
dx
n∑
k=0
(
n
k
)
(−1)kk!xn−kφ(n−k)(x) = xnφ(n+1)(x). (6)
Remark 1. Write (5) for x = 0 as
xn+1
(
φ(x)
x
)(n)
=
n∑(n
k
)
(−1)kk!xn−kφ(n−k)(x).k=0
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(n + 1)
(
φ(x)
x
)(n)
+ x
(
φ(x)
x
)(n+1)
= φ(n+1)(x). (7)
(7) is also valid for x = 0.
Proof of Lemma 1. Using Leibniz’ rule
[
u(x)v(x)
](n) = n∑
k=0
(
n
k
)
u(k)(x)v(n−k)(x),
we have for x = 0,
f (n)(x) =
n∑
k=0
(
n
k
)(
1
x
)(k)
φ(n−k)(x)
= 1
xn+1
n∑
k=0
(
n
k
)
(−1)kk!xn−kφ(n−k)(x).
By direct computation, we have
d
dx
n∑
k=0
(
n
k
)
(−1)kk!xn−kφ(n−k)(x)
=
n∑
k=0
(
n
k
)
(−1)kk!(n − k)xn−k−1φ(n−k)(x) +
n∑
k=0
(
n
k
)
(−1)kk!xn−kφ(n−k+1)(x)
=
n−1∑
k=0
(
n
k
)
(−1)kk!(n − k)xn−k−1φ(n−k)(x) + xnφ(n+1)(x)
+
n∑
k=1
(
n
k
)
(−1)kk!xn−kφ(n−k+1)(x)
=
n−1∑
k=0
[(
n
k
)
(n − k) −
(
n
k + 1
)
(k + 1)
]
(−1)kk!xn−k−1φ(n−k)(x) + xnφ(n+1)(x)
= xnφ(n+1)(x) (8)
since the term in square brackets is equal to 0.
It is known [3, p. 26]
n∑
k=0
(−1)k(n
k
)
k + 1 =
1
n + 1 .
Using L’Hospital’s rule, we have
f (n)(0) =
n∑
k=0
(
n
k
)
(−1)kk! lim
x→0
φ(n−k)(x)
xk+1
= φ(n+1)(0)
n∑
k=0
(−1)k(n
k
)
k + 1 =
1
n + 1φ
(n+1)(0).
The proof is complete. 
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Lemma 2. Let a > 0 and b be real numbers, then the function Ea,b(x) = (1 + ax )x+b is strictly
logarithmically completely monotonic on (0,∞) if and only if 2b a.
Proof. First, we show that if 2b a > 0, then the function Ea,b is strictly logarithmically com-
pletely monotonic on (0,∞). Using the representations
lnx =
+∞∫
0
e−t − e−xt
t
dt (x > 0),
we obtain
lnEa,b(x) = (x + b) ln
(
1 + a
x
)
= (x + b)
+∞∫
0
e−xt − e−(x+a)t
t
dt
= (x + b)
+∞∫
0
δ(t)e−(x+b)t dt,
where
δ(t) = e
bt − e(b−a)t
t
.
Differentiation yields
t2e(a−b)t δ′(t) = bteat − eat − (b − a)t + 1 =
∞∑
k=2
(
b − a
k
)
ak−1tk
(k − 1)! > 0
for t > 0 and 2b a > 0. Moreover
δ(t) > lim
t→0+ δ(t) = a > 0.
For n 1 we obtain
(−1)n(lnEa,b(x))(n)
= (−1)n
n∑
k=0
(
n
k
)
(x + b)(k)
( ∞∫
0
δ(t)e−(x+b)t dt
)(n−k)
= (x + b)
∞∫
0
δ(t)tne−(x+b)t dt − n
∞∫
0
δ(t)tn−1e−(x+b)t dt
=
n/(x+b)∫
δ(t)e−(x+b)t tn−1
[
(x + b)t − n]dt +
∞∫
δ(t)e−(x+b)t tn−1
[
(x + b)t − n]dt0 n/(x+b)
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(
n
x + b
) n/(x+b)∫
0
e−(x+b)t tn−1
[
(x + b)t − n]dt
+ δ
(
n
x + b
) ∞∫
n/(x+b)
e−(x+b)t tn−1
[
(x + b)t − n]dt
= δ
(
n
x + b
) ∞∫
0
e−(x+b)t tn−1
[
(x + b)t − n]dt. (9)
Since
m!
(x + a)m+1 =
∞∫
0
tme−(x+a)t dt (x > 0, a  0, m = 0,1,2, . . .), (10)
we conclude
∞∫
0
e−(x+b)t tn−1
[
(x + b)t − n]dt = 0,
so that (9) implies
(−1)n(lnEa,b(x))(n) > 0 (x > 0, n = 1,2, . . . , 2b a > 0).
Next, we assume that Ea,b is strictly logarithmically completely monotonic on (0,∞). Then
we have for all real x > 0,
(
lnEa,b(x)
)′ = ln(1 + a
x
)
+ b − a
x + a −
b
x
< 0. (11)
Put x = at , then (11) is equivalent to
p(t) = (t2 + t) ln(1 + 1
t
)
− t < b
a
(t > 0).
Easy computation gives
p′(t) = (2t + 1) ln
(
1 + 1
t
)
− 2 (t > 0).
By inequality (see [5, p. 296], [12, 3.6.19])
ln
(
1 + 1
t
)
>
2
2t + 1 (t > 0),
we obtain p′(t) > 0 (t > 0). Hence, the function p is strictly increasing on (0,∞), and thus,
b
a
 lim
t→∞
{(
t2 + t)[1
t
− 1
2t2
+ O(t−3)]− t}= 1
2
.
The proof is complete. 
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Proof of Theorem 1. First, we show that f1 is strictly completely monotonic on (−a,∞). Using
the representations (10) and
ψ(x) = −γ +
∞∫
0
e−t − e−xt
1 − e−t dt,
where γ denotes Euler–Mascheroni constant, we obtain
f1(x) = (x + a)
[ ∞∫
0
e−(x+a)t − e−(x+b)t
1 − e−t dt − (b − a)
∞∫
0
e−(x+a)t dt
]
= (x + a)
∞∫
0
ϕ(t)e−(x+a)t dt,
where
ϕ(t) = 1 − b + a − e
(1−b+a)t − 1
et − 1 . (12)
Differentiation yields(
et − 1)2ϕ′(t) = (b − a)e(2−b+a)t + (1 − b + a)e(1−b+a)t − et
=
∞∑
k=0
[
(b − a)(2 − b + a)k + (1 − b + a)k+1 − 1] tk
k! . (13)
Set p = 1 − b + a, then for k  1,
(b − a)(2 − b + a)k + (1 − b + a)k+1 − 1 = (1 − p)(1 + p)k + pk+1 − 1
= (1 − p)
k∑
i=0
(
k
i
)
pi + (p − 1)
k∑
i=0
pi
= (1 − p)
k−1∑
i=1
[(
k
i
)
− 1
]
pi > 0,
so that (13) implies ϕ′(t) > 0 for t > 0. Moreover
0 = lim
t→0+ϕ(t) < ϕ(t) < limt→∞ϕ(t) = 1 − b + a.
For n 1, we obtain
(−1)nf (n)1 (x) = (−1)n
n∑
k=0
(
n
k
)
(x + a)(k)
( ∞∫
0
ϕ(t)e−(x+a)t dt
)(n−k)
= (x + a)
∞∫
ϕ(t)e−(x+a)t tn dt − n
∞∫
ϕ(t)e−(x+a)t tn−1 dt
0 0
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n/(x+a)∫
0
ϕ(t)e−(x+a)t tn−1
[
(x + a)t − n]dt
+
∞∫
n/(x+a)
ϕ(t)e−(x+a)t tn−1
[
(x + a)t − n]dt
> ϕ
(
n
x + a
) n/(x+a)∫
0
e−(x+a)t tn−1
[
(x + a)t − n]dt
+ ϕ
(
n
x + a
) ∞∫
n/(x+a)
e−(x+a)t tn−1
[
(x + a)t − n]dt
= ϕ
(
n
x + a
) ∞∫
0
e−(x+a)t tn−1
[
(x + a)t − n]dt. (14)
By (10), it follows that
∞∫
0
e−(x+a)t tn−1
[
(x + a)t − n]dt = 0,
so that (14) implies
(−1)nf (n)1 (x) > 0 for x > −a and n = 0,1,2, . . . .
From Leibniz’ rule,
(−1)n[u(x)v(x)](n) = n∑
k=0
(
n
k
)
(−1)ku(k)(x)(−1)n−kv(n−k)(x),
it follows that the product of two strictly completely monotonic functions is also strictly com-
pletely monotonic. Since uα(x) = (x + a)α−1 (α < 1) is strictly completely monotonic on
(−a,∞), we conclude that fα(x) = uα(x)f1(x) (α  1) is strictly completely monotonic on
(−a,∞).
Next, we assume that fα is strictly completely monotonic on (−a,∞). Then we have for all
real x > −a,
f ′α(x) = (x + a)α−1
{
α
[
ψ(x + b) − ψ(x + a)]+ (x + a)[ψ ′(x + b) − ψ ′(x + a)]}< 0,
which implies
α < − (x + a)[ψ
′(x + b) − ψ ′(x + a)]
ψ(x + b) − ψ(x + a) . (15)
For α = 1 (15) holds, since the function f1 is strictly decreasing on (−a,∞). In (15) let x tend
to ∞, then we conclude from the asymptotic formulas of ψ and ψ ′ [1, pp. 259–260] that the
ratio on the right-hand side of (15) tends to 1. This implies that (15) holds with the best possible
constant α = 1. This means that we conclude from the complete monotonicity of the function fα
that α  1.
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x
, fα(x) can be written as
fα(x) = [ψ(x + b) − ψ(x + a + 1)](x + a) + 1 − b + a
(x + a)1−α ,
and hence, fα(−a+) = ∞ for α < 1, and f1(−a+) = 1 − b + a. It follows from the asymptotic
formulas of ψ that limx→∞ fα(x) = 0 for α  1.
The proof of Theorem 1 is complete. 
Proof of Theorem 2. Clearly,
lngb−a(x) = (b − a) ln(x + a) + ln(x + a) − ln(x + b).
Using the representations (10) and
ψ(m)(x) = (−1)m+1
∞∫
0
tm
1 − e−t e
−xt dt (x > 0, m = 1,2, . . .), (16)
see [6, p. 16], we obtain for n 1,
(−1)n(lngb−a(x))(n) = − (b − a)(n − 1)!
(x + a)n + (−1)
nψ(n−1)(x + a) − (−1)nψ(n−1)(x + b)
= −(b − a)
∞∫
0
tn−1e−(x+a)t dt +
∞∫
0
tn−1[e−(x+a)t − e(x+b)t ]
1 − e−t dt
=
∞∫
0
ϕ(t)tn−1e−(x+a)t dt > 0 (x > −a, n = 1,2, . . .),
where ϕ is defined by (12).
It is clear that the product of two strictly logarithmically completely monotonic func-
tions is also strictly logarithmically completely monotonic. Since vβ(x) = (x + a)β−(b−a)
(β < b − a) is strictly logarithmically completely monotonic on (−a,∞), we conclude that
gβ(x) = vβ(x)gb−a(x) (β  b−a) is strictly logarithmically completely monotonic on (−a,∞).
Next, we assume that gβ is strictly logarithmically completely monotonic on (−a,∞). Then
we have for all real x > −a,
(
lngβ(x)
)′ = β
x + a + ψ(x + a) − ψ(x + b) < 0,
which implies
β < (x + a)[ψ(x + b) − ψ(x + a)]. (17)
By Theorem 1, the function x → (x + a)[ψ(x + b) − ψ(x + a)] = f1(x) + b − a is strictly
decreasing on (−a,∞). In (17) let x tend to ∞, then we conclude from the asymptotic formula
[1, p. 259] of ψ that β  b − a.
From the asymptotic formula [1, p. 257]
xb−a (x + a) = 1 + (a − b)(a + b − 1) + O(x−2),
(x + b) 2x
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By (x + 1) = x(x), we obtain
gβ
(−a+)= lim
x→−a gβ(x) = limx→−a(x + a)
β−1 (x + a + 1)
(x + b) = ∞.
The proof of Theorem 2 is complete. 
Proof of Theorem 3. Define the function φ by
φ(x) = ln(x + 1) − ln
(
x + 1
2
)
+ ln√π.
Clearly, φ(0) = 0. By Lemma 1, we obtain that for n 1,
xn+1
(
ln s(x)
)(n) = n∑
k=0
(
n
k
)
(−1)kk!xn−kφ(n−k)(x)Φ(x),
Φ ′(x) = xnφ(n+1)(x).
Using the representations (16), we conclude that
φ(n+1)(x) = ψ(n)(x + 1) − ψ(n)
(
x + 1
2
)
= (−1)n+1
∞∫
0
tn
1 − e−t
(
e−(x+1)t − e−(x+1/2)t)dt
= (−1)n
∞∫
0
tn
1 + et/2 e
−xt dt.
Since the function φ has derivatives of all orders on [0,∞) and φ(0) = 0, it is easy to see that
Φ(0) = 0. If n is even, then we have for x > 0,
φ(n+1)(x) > 0 	⇒ Φ ′(x) > 0 	⇒ Φ(x) > Φ(0) = 0 	⇒ (ln s(x))(n) > 0
	⇒ (−1)n(ln s(x))(n) > 0.
If n is odd, then we have for x > 0,
φ(n+1)(x) < 0 	⇒ Φ ′(x) < 0 	⇒ Φ(x) < Φ(0) = 0 	⇒ (ln s(x))(n) < 0
	⇒ (−1)n(ln s(x))(n) > 0.
Hence,
(−1)n(ln s(x))(n) > 0
for all real x ∈ (0,∞) and all integers n 1. The proof is complete. 
Proof of Theorem 4. It has been shown [10] that the function 1 + 1
x
ln(x + 1) − ln(x + 1) is
strictly completely monotonic on (−1,∞). Hence, the function [(x+1)]1/x
x+1 is strictly logarithmi-
cally completely monotonic on (−1,∞). By Lemma 2, the function E1,1/2(x) = (1 + 1x )x+1/2 is
strictly logarithmically completely monotonic on (0,∞).
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h(x) = [(x + 1)]
1/x
x + 1
(
1 + 1
x
)x+1/2
.
Clearly, the function h is strictly logarithmically completely monotonic on (0,∞).
Using L’Hospital rule,
lim
x→0 lnh(x) = limx→0
2 ln(x + 1) − x lnx
2x
= lim
x→0
2ψ(x + 1) − lnx − 1
2
= ∞,
and hence limx→0 h(x) = ∞. It is easy to see that limx→∞ h(x) = 1.
The proof of Theorem 4 is complete. 
Remark 2. By Lemma 2 and the logarithmically complete monotonicity of the function
[(x+1)]1/x
x+1 , it is easy to see that the function
[(x + 1)]1/x
x
(
1 + 1
x
)x
= [(x + 1)]
1/x
x + 1
(
1 + 1
x
)x+1
is strictly logarithmically completely monotonic on (0,∞).
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